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A scheme and the r e su l t s  of a calculat ion by the method of  c h a r a c t e r i s t i c s  a r e  p resen ted  for  
f ree  expansion of a nonviscous,  t he rma l ly  nonconducting, nonequil ibr ium, opt ical ly thick hy- 
drogen p lasma  f rom a round superson ic  nozzle.  The e l e m e n t a r y  p roces s  de te rmined  is con- 
s idered  to be col l i s ion-radia t ive  recombinat ion .  A s t rong  dis turbance in the t he rma l  and 
ionization equi l ibr ium a re  obse rved  in the flow field. The effect  of re laxat ion p r o c e s s e s  on 
the g e o m e t r y  of flow and the field of ga s -dynamic  p a r a m e t e r s  is examined.  The r e su l t s  of 
the calculat ions a re  com pa red  with analogous data for  an ideal pe r fec t  gas .  

1 .  B a s i c  A s s u m p t i o n s  

The one-d imens iona l  f ree  expansion of a nonequi l ibr ium p lasma  in a spher i ca l  source  was examined 
in [1-3]. In the p resen t  work  the axia l ly  s y m m e t r i c a l  s ta t ionary  p rob lem of the f ree  expansion of a non- 
v i scous ,  t he rma l ly  nonconducting, re laxing,  opt ical ly thick hydrogen  p l a s m a  is solved on the bas i s  of the 
mac roscop i c  approach .  The choice of hydrogen as the subject  of the study was dictated by cons idera t ions  
of s impl ic i ty  and c l e a r n e s s .  In the calculat ion the following assumpt ions  a re  a s s u m e d  to be valid: 

1) the p l a sma  consis ts  of e l ec t rons ,  ions,  and a toms;  

2) the e l e m e n t a r y  p rocess  which is de te rmined  is col l is ion-radia t ive  recombinat ion;  ac ts  of ioniza-  
tion a r e  absent  a t  the mouth of the nozzle; 

3) the veloci ty  of all  the p l a sma  components  is the same;  

4) the p l a s m a  is quasineutra l ;  

5) the in ternal  energy  of the e lec t ron  component  is de te rmined  by a balance between the energy  los t  
by e lec t rons  in e las t ic  col l is ions with heavy par t i c les  and the energy  rece ived  by e lec t rons  during r eco mb i -  
nation [2]; 

6) the coeff icient  of recombina t ion  is a s ingle-valued function of the local  t e m p e r a t u r e s  and e lec t ron  
concentra t ions  [4]. 

2 .  S y s t e m  o f  E q u a t i o n s  

With the assumpt ions  made the s y s t e m  of equations descr ib ing  the axial ly s y m m e t r i c a l  f ree  expansion 
of the p lasma  has the f o r m  

: Ou Ov v ~ t  p ~ / + o - ~ + p T  + =o  

Ou cgu -1- t Op 
u-W~ + v - ~  _ T--5~ ~ =0 

(2.1) 

(2.2) 
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k p = - ~ p ( T  -kaTe) (2.8) 

�9 Ire 
a =  P N~, O = m.~(N~ + N~) 

Here x and y a re  the coordinates  (the x axis is d i rected along the axis of symmetry) ;  u and v a re  p r o -  
jections of the velocity on the x and y axes,  respect ively;  p is the density; p is the pressure ;  h is the ea-  
thalpy; T and T e are  the t empera tu res  of the heavy part icles  and electrons;  ~ is the degree of ionization; 
N a and Ne are  the concentrat ions of a toms and electrons;  m a and m e are  the atomic and electron masses ;  
e is the e lec t ron  charge; QY is the energy lost  by e lec t rons  during elast ic  collisions with ions (collisions 
with atoms at appreciable degrees  of ionization are  not significant because of the small  coll ision c ross  
sections); QP is the energy t r ans fe r r ed  to e lect rons  during recombinat ion [1]; I is the ionization potential; 
K r i s the collision--radiative recombinat ion coefficient; k is the Boltzmann constant.  

The energy equation for the e lec t ron component (2.7) is an approximative equation. It is valid in 
some region of flow with a sufficiently high density of charged par t ic les ,  when the work of expansion is 
negligibly smal l  in compar ison  with QY and QP [2]. In ca r ry ing  out specific calculations the validity of the 
equations of e lec t ron  energy writ ten in the form (2.7) should be confirmed by di rec t  quantitative es t imates .  

3o E q u a t i o n s  o f  C h a r a c t e r i s t i c s  

The method of cha rac te r i s t i c s  in the form proposed in [51 can be used for a numerical  solution of the 
sys tem of equations (2.1)-(2.8). The calculating sys tem of equations includes equations of cha rac te r i s t i c s  
of the f i r s t  and second groups and cor re la t ions  along the cur ren t  lines. The equations of cha rac te r i s t i c s  
a re  written in the form 

dx -- ~ -T ~ (3.1) -- ~-~-~l dg 

l d~ A- p-~ dp Jr- l ~ (t + ~)'/' IF:, 
- + 

( 3 . 2 )  

pwy (l + ~)V, 
d~p = ! ~ +_ i dg (3.3) 

Here ~ = tan 0 (0 is the angle between the velocity vector  and the x axis); /3 = "~w2/a2--1, w = 

and r is a function of the current ;  a is the "frozen in" speed of sound and a 2 = 5 k (T + ~Te)/3m a. 

The corre la t ions  along the cu r ren t  lines have the fo rm 

dy = ~ dx (3.4) 
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da = (1 + ~)'1. F~ dx 
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" /  / Z $  Iji" (= 6) 

1o 20 so e x/r 01" + QP = 0 (3.8) 

w~ i [ 5 k (  T +aTe ) 4- Ia] (3 .7)  ..-5--b h = ho, h =  %, 

Fig. 2 
p = m-~p (T q- aTe) (3.9) 

4 .  S c h e m a  a n d  E x a m p l e  o f  C a l c u l a t i o n  

For  the calculations the sys t em of equations (3.1)-(3.9) is writ ten in the f ini te-difference form in ac-  
cordance with [5]. The p rog ram  of flow calculation includes a subprogram for calculating the pa ramete r s  
at  the initial surface,  in the field of flow, on the axis of the jet, and in the vicinity of the angle point (nozzle 
r im).  The pa ramete r s  of flow at the nodes of the network of charac te r i s t i cs  a re  determined by the method 
of successive approximations.  The most  slowly falling value is the tempera ture  of the e lec t rons .  This 
value was also chosen as the cr i te r ion  of convergence~ The calculation of the pa ramete r s  at  each point was 
stopped when the difference in values of T e for two successive approximations was 10-3%. An average  of 
five to six approximations was made in calculating each point. 

As an example let us examine the free expansion f rom a conical nozzle with a semiaper ture  angle of 
11.3 ~ (~ = 0.2). We assume that the geometry  of flow at the mouth of the nozzle corresponds  to flow at a 
source with a pole at  the point of intersect ion formed by the nozzle with the axis of s y m m e t r y  (Fig. 1). The 
paramete r s  a re  assumed to be constant at  the surface a a ' .  The calculation was ca r r i ed  out for a radius r 
of the exit section of the nozzle equal to I cm, and for the following pa ramete r s  at  the mouth of the nozzle:  

M = w l a  = 2.5, w = L4.i0%m/sec, T = 2.t0s~ K 

p = 5 . i O - a  g/era s 
p = 8.3.10-a kg/cm 2 

The values of ~ and Te at the initial surface are  found f rom Eqs. (3.7) and (3 09). The col l is ion-radia-  
tive recombination coefficients are  taken f rom [4]. 

The results of a calculation of the numbers M and the spectrum of current lines are presented in 

Fig. I. On the current lines are given values of the relative mass flow rates G which pass through within 
a body of rotation formed by the glven~ current line. The axis of symmetry corresponds to G = 0 and the 

boundary of flow to G = i. The results of a calculation of the M numbers along the jet axis of a hydrogen 

plasma (dashed line) are compared with the M numbers along the axis of jets of ideal perfect mono- 

atomic (Y = 1.67) and diatomic (3/ = 1.4) gases in Fig. 2a. The energy release in a reeombining expanding 
plasma leads to a decrease in the M numbers in the field of flow and a stronger turning of the gas away 

from the axis of symmetry (Fig. 2b). In the example under consideration the effect of relaxation processes 

on the geometry of flow and the field of w and p is not great, which is explained by the delayed transfer of 

ionization energy into progressive degrees of freedom. For the parameters selected the ionization energy 
at the mouth of the nozzle makes up ~ 20%" of the total enthalpy. However, because of the rapid "freezing 
in" of the degree of ionization along the current lines (Fig. 3), only a small part of the stored energy is 
released. The difference in the trend of ~ along different current lines is connected with the difference in 

the rate of expansion of the plasma along these lines. 
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A disturbance in the thermal equilibrium is typical for a freely 
expanding reeombining plasma because of the delayed exchange of 
energy between the electrons and heavy particles. The results of a 
calculation of T and T e along the axis of symmetry are presented in 
Fig. 4. The ratio Te/T increases downstream. Quantitative estimates 
show that the energy equation for the e lec t ron component in the form 
(2.7) can be used in the entire region of the calculation. 

With an increase  in the degree of ionization at the mouth of the 
nozzle and a sufficiently high rate of recombination the effect  of re -  
laxation processes  on the geometry  of flow becomes even more notice- 
able. It should be noted, however,  that for significant values of ~ the 

approximative approach used becomes  inadequate. The increase  in the role of radiation and relaxation 
p rocesses  requi res  a more  detailed s ta tement  of the problem, taking into account  the kinetics of the popu- 
lation of d iscre te  energy  states and the diffusion of radiation. 
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